0. Introduction* All spaces considered are 2\. The Sorgenfrey line, S, is the set of all reals, retopologized by letting all half-open intervals [a, b) be a base. The irrational Sorgenfrey line, T, is the subspace of S consisting of all irrational numbers. If £ is a cardinal, S κ and T κ are the product of tz copies of S and T, respectively. We refer to S 2 as the Sorgenfrey plane, and to T 2 as the irrational Sorgenfrey plane.
A neighborhood assignment for a space X is a function φ from X to the topology of X such that x e φ{x) for all xeX, [2] . A space X is a D-space if for every neighborhood assignment φ for X there is a closed discrete subset D of X such that {φ(x): xeD} covers X, [2] . The space of countable ordinals is not a D-space since, as observed in [2] : every countably compact D-space is compact. Up to now no satisfactory example of a space which is not a D-space is known, where by satisfactory example we mean an example having a covering property at least as strong as metacompactness or subparacompactness.
Since the Sorgenfrey plane is subparacompact, [8, 3.1] , it is a natural candidate for a satisfactory example of a non-D-space. However, we have the following theorem. THEOREM 
Every finite power of S is a D-space.
This leaves open the following three questions: Is every finite power of S hereditarily a D-space? Is S ω a D-space? Is S ω hereditarily a D-space? A negative answer to any of these questions would be welcome (but is not expected), since S ω is hereditarily subparacompact, [8, 3.2 THEOREM 
T is not a GLS-space.
In [1] it was shown that S and T are not homeomorphic. Since a closed subspace of a GLS-space is again a GLS-space [see (4.4a)], Theorems 3 and 4 yield the following strengthening of this result. It is apparently unknown if S m and S n , or T m and T n , can be homeomorphic for distinct positive integers m and n.
By a classical result of P. B. Jones, [5] , a separable space which has a closed discrete subset of cardinality c is not normal. By a recent result of W. G. Fleissner, [4] , such a space is not countably paracompact either. And it is obvious that such a space fails to have many other properties, like metacompactness and collectionwise Hausdorίfness. Therefore, the following theorem shows that S 2 , and hence S κ for K ^ 2, is not the union of countably many nice subspaces. Since S 2 is (weakly) #-refinable, [8, 2.9] , it follows that a weakly #-refinable space need not be the union of countably many metacompact subspaces (the converse is patently true).
The organization of this paper is as follows. Theorem 2 is proved in §1, where we also consider some of its applications different from Theorem 1. Theorems 3 and 4 are proved in §2, and Theorem 6 is proved in §3. In the Appendix we collect some properties of GLS-spaces. 1* Proof of Theorem 2, and consequences* 1.1. The proof. Let X be a GLS-space with GLS-relation ^. Let φ be a neighborhood assignment for X Define a new neighborhood assignment ψ for X by
It suffices to construct a closed discrete set D in X with U ψ[D] = X* With transfinite recursion construct, if possible, an x ξ e X in such a way that for each x ζ , when defined,
We can find such an x ξ if A ζ Φ 0, since clearly A ξ is closed. Let a be the ordinal at which the construction breaks down because In the proof of Theorem 3, we will see that S and H = S Π [0, °o) are homeomorphic, and that ^ is a GLS-relation on H. So we have a somewhat unusual proof of the well-known fact that S is ultraparacompact.
2* Proof of Theorems 3 and 4. For the proof of Theorem 3 we will need the following simple lemma. Then each nonempty closed subset of X has a -^-minimal element.
Proof. Let F be a nonempty closed subset of X. For every nonempty ^-chain K in F there is an meK" with m ^ x for all x e K; clearly meF.
It follows from the Kuratowski-Zorn lemma that F has a ^-minimal element.
2.2. Proof of Theorem 3. Let H be S Π [0, oo), half the Sorgenfrey line. Then H and S are homeomorphic, for both admit a disjoint open cover by countably many copies of S Π [0,1). We shall consider H instead of S. Let n be nonnegative integer. As usual, the ith coordinate of x e H n is x i9 1 <; i ^ n. Define a reflexive and transitive binary relation ^ on H n by
Clearly {y e H n : x ^ #} is open in H n for each x e iϊ\ Let be a ^-chain, and define meH n by SOME PROPERTIES OF THE SORGENFREY LINE AND RELATED SPACES 375 TΠi = inf fail x 6 K} .
Then m 5^ x for each xeK, and since K is a ^-chain, it is easy to see that for each ε > 0 there is an x e K such that m* <5 x i < m t + ε for 1 <; i ^ w. Consequently m e JBΓ". It follows from the above lemma that ^ is a GLS-relation.
2.3. Proof of Theorem 4. Let ^ be a reflexive binary relation on T such that {y e T: x -^ y} is open in T for each x e T. Now T is a Baire space as a subspace of S (since it is a Baire space as a subspace of R). Hence one can easily find ε > 0 and a, b with a < δ, and a dense subset E of (α, δ) Π 2\ such that [x, α? + ε) n 2 1 £ {y e T: x ^ y} for each as e E. Let g be a rational number, a < q <b. There is a set F = {#": n^l} Q E such that g < x n+ί < x n < q + min {ε, 1/^} for n ^ 1 .
Then ί 7 is closed in Γ but has no ^-minimal element, since x n+1 < x n (i.e., x n+1 ^ x n and a? Λ+1 Φ x n ) for all ^ ^ 1.
3. Proof of Theorem 6. Let R be the real line with its usual topology. For x e R let R x = R x {#}. V(A, B) £ B such that However, this is impossible. For by [7] , or [9, 15.1] , every intersection of countably many dense open sets in R 2 intersects R x in a set that is dense in R x with respect to the subspace topology for at least one x. But then R x Γ) G is a dense G δ in R XJ hence has cardinality c, cf. [9, 5.1] .
4.
Appendix: GLS-spaces* GLS-spaces are useful in proving that certain spaces are D-spaces. Here we collect some of their basic properties. We omit straightforward proofs.
We did not postulate that a GLS-relation be transitive; an easy example shows that it need not be: define a GLS-relation ^ on the nonnegative integers by k^nifίk^n^k + 1. (We did not attempt to decide whether or not every GLS-space admits a transitive GLS-relation.) On the other hand, since all spaces considered are T lf we have the following. PROPOSITION 
Every GJu$-relation is antisymmetric.
This can be used to prove the following propositions. PROPOSITION 
A compact Hausdorff space without isolated points is not a GLS-spαce.
The example of a countable space with the cofinite topology shows that the Hausdorff condition is essential. A collection jy of subsets of a space X is called a network for X if for every open U in X and every x e U there is an A 6 s$f with x e A Q U. PROPOSITION 
If the space X has a network jx? with < \X\, then X is not a GLS-space. In particular, no uncountable separable metrizable space is a GLS-space.
The following proposition should be compared with analogous SOME PROPERTIES OF THE SORGENFREY LINE AND RELATED SPACES 377 results for Z>-spaees [2] . PROPOSITION 
(a) A closed subspace of a GLS-space is a GLS-space.
(b) If X = X ι U X 2 , with X ι and X 2 GLS-spaces and X^ closed, then X is a GLS-space.
(c) A space is a GLS-space if it is the union of countably many closed subspaces, each of which is a GLS-space.
Note that it follows from 4.4 (a), and 4.2 or 4.3 that no infinite product of nontrivial spaces is a GLS-space. In particular, S ω is not a GLS-space.
